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We introduce two arithmetical invariants and show how they may be used to 
classify certain u&nodular quadratic forms over Hasse domains. A cancellation 
result is given as an application. 
Let G be the set of all (finite and infinite) prime spots on a global field F 
of characteristic different from 2. A Hasse set of primes on F is a subset S of 
E such that: (i) S contains no infinite primes in the number field case, and 
(ii) 0 -=z Card@ - S) -=z co. The associated dedekind domain 0 = D(S) is 
the Hasse domain in F. We consider here the classification problem of certain 
unimodular quadratic forms over these Hasse domains. Notations and 
terminology are generally from [8, 61. Recently, Gerstein [2] showed that a 
ternary isotropic unimodular lattice is classified by a certain element in C/P, 
where C is the ideal class group of 0 when 2 is a unit in 8. While this result 
can be extended to the case of higher rank (2 still a unit) by an inductive 
argument, his proof does not yield to accessible generalizations since it is 
based on technical computational grounds. In this note we present a more 
conceptual approach and at the same time uniformly extend the classification 
to all unimodular quadratic lattices of rank greater than or equal to 3 on 
spaces of maximal Witt index; furthermore, the element 2 does not have to be 
a unit. The outline is as follows. We introduce in Section 1 an arithmetical 
invariant which lives in a suitable quotient group of C/C? and which plays a 
central role in the classification. In Section 2, we global& the concept 
of a norm group which was first introduced by O’Meara [8] in his classifica- 
tion of modular lattices over rings of integers in local fields, and we prove a 
result on the correspondence between the genera of unimodular D-lattices 
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and certain compatible norm groups of D. In Section 3, we use these results 
to prove our classification theorem and then give an application in Section 4 
by deducing a cancellation theorem. 
1. THE INVARIANT 
Consider a unimodular lattice L on an m-dimensional regular quadratic 
F-space V of maximal Witt index II. Therefore, L admits an orthogonal 
decomposition 
L = (A,x, + A;ly,) I ... I (A,& + Cy,) I x 
where Q( yi) = 0, B(xi , vi) = 1, and rank(X) < 1. Putting A = A,x, + *.. + 
A,x, we may express L = M(A) .J- X, where M(A) is “metabolic” in the 
sense of Knebusch [6]. Accordingly, we call such a splitting of L a metabolic 
decomposition, and the pairs (xi , yi} metabolic pairs. Suppose K is another 
unimodular D-lattice on V and 
K = (B,u, + B&) I a*. I (B&n + B,‘u,) I Y 
a metabolic decomposition for K, it then follows from Witt’s theorem and 
the unimodularity of the lattices that X is isometric to Y (Xr Y). If we 
denote by [7’j the image of the isometry class of T in the Grothendieck 
group KB,(D) of the category of symmetric bilinear forms over D, then we 
have 
provided that L s K. As D-modules, A and B are, respectively, isomorphic 
to 0 @ ... @D @a and 0 @ ... @ 0 @b, where a = A, ‘.‘A, and 
b = Bl ... B, . Since metabolic lattices are stably equivalent to hyperbolic 
lattices (Satz 3.4.1 of [6]) it follows that 
W(a)1 = Nb>l. 
Let i,: KB,(D) --+KB,(F) be the homomorphism induced by natural 
inclusion. For an D-fractional ideal !lB in F the mapping ‘2B +-+ w(D)] - 
[H(!DJ)] induces an epimorphism h from the ideal class group C of D onto 
Ker(i,) with kernel the subgroup G generated by C2 and the classes ‘$ of the 
dyadic primes in 0 (see [6, Sect. 11; 1, Sect. 3; 3, Sect. 31). Since h(5) = 
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h(b), it follows that 66-l belongs to G. We now define the classifying invariant 
363 by 
Z-(L) = iiG E C/G 
and see that it is an invariant of the isometry class of L. We note too that if 
either 2 is a unit or a prime element in D then G coincides with C2. 
2. NORM GROUPS AND GENERA 
For the remainder of this paper V shall always denote a quadratic space of 
dimension m greater than or equal to 3, and able to support a unimodular 
o-lattice. In the number field case, we put D = Z) n Q and T the dedekind 
set of rational primes divisible by S so that D = D(T). We make the assump- 
tion that n is the integral closure of D in F(i.e., S II T) whenever the situation 
29 ramifies arises. 
An additive subgroup 3 of D containing the ideal 20 and stable under 
square integers multiplication (i.e., 029 C 9) is called a norm group of D. We 
shall always use D2 to denote the set {x2 1 x E D}. The norm group g(L) of a 
unimodular lattice L is the additive group Q(L) + 2D. O’Meara introduced 
the invariant g(L) over complete local rings, and used it to characterize the 
isometry classes of modular lattices. It is easily seen that g(L) defined above 
over a Hasse domain is a norm group of no. If !I? is a prime ideal of 0, we 
denote by 9~ the topological closure of 9 in the completion ring E)p . It is 
a simple verification that 9~ = O$(‘ZJ) + 2s)~ and hence a norm group of 
DP . This local norm group has been studied by Riehm (see Section 3 of [9]). 
If either 2 is a unit or 20 is unramified, then a norm group of 0 is, in fact, 
an O-ideal. In general, while a norm group is a D-module, it may not be a 
D-lattice on F. However, the hypothesis placed on the Hasse domain B 
(when 20 ramifies) rectifies this. Now, suppose 9 and X are two norm 
groups of Q with gV = X$ at every ‘$3 E S, and let p be the rational prime 
below 5j3. Then, p E T. By definition, grp is the topological closure of 9 in 
FQ . On the other hand, since 9 is a D-lattice, gP is the closure of ?J in the 
completion space F, = Q,F which is FQ as we identify Q, as a subfield of 
Fv . Therefore, we have the equality %= = 3E”, as D,-lattices at every p E T, 
and this implies 9 = H. Isolating this fact, we have: 
LEMMA 1. Two norm groups of D are equal if and only if they coincide 
at all localizations. 
At each dyadic localization ‘$ write 99 = a,q,@$ + b(@@ , where 
a(p) and b,Fp) are, respectively, the norm and base generators of 9~ in the 
sense of [9]. By the Chinese remainder theorem, there exist elements a, 
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b E 0 which are, respectively, close to a(w) , btrp) at all the dyadic primes ‘p. 
Since uD2 + (b0 + 2D) is clearly a norm group of 0, and since it coincides 
with Y at all the localizations, the lemma gives the following: 
COROLLARY. Every norm group ‘3 may be expressed as 9 = aD2 + 
(bD + 20) for some a, b E 0. 
We call bXl + 2D the weight m(9) of 3, and the ideal generated by $9 
the norm rt(C??) of 59. Evidently, n(Y) = aT, + 20. If 9 is the norm group of a 
unimodular lattice L then n(g) is just the usual norm ideal n(L) of L. 
For simplicity’s sake, we shall assume V has maximal Witt index. Let d be 
the discriminant of V. As an element of F,d is determined only up to a nonzero 
square factor. Since V supports a unimodular D-lattice, one sees from the 
approximation theorem that d may be assumed to be integral and has order 
ordn(d) zero at every 9 12. Fix such a d. Whenever we use the discriminant d 
as an element of F, we shall always assume it is of this type. A norm group 
9 of 0 is compatible for V if d E 9 when dim(V) is odd. It is clear that this 
definition is independent of the choice of the type of d described. Now, let K 
be a unimodular lattice on an odd dimensional space V with discriminant d. 
At each dyadic prime VP, local lattice theory gives 
where b(p) is a base generator of g(fon . Hence, d E g(K)@ . Using Theorem 
7.4 of [9] one sees that d is representable by the genus of K and it follows from 
the indefinite representation theory (see [7, 51) that, in fact, K represents d. 
This shows then every norm group of a unimodular lattice on V is always 
compatible for V. Two unimodular lattices on V belong to the same genus 
if and only if their local norm groups agree and so if and only if their global 
norm groups agree. Finally, given a norm group B of D which is compatible 
for V, one can always construct at each dyadic prime ‘$3 a unimodular local 
lattice KtsD) on V, whose norm group is 3% (see [9]). Since V can support a 
global unimodular lattice, one can construct a unimodular lattice K on V 
with g(K) = 9. Summarizing, we have: 
THEDREM 1. Let V be a quadratic space with maximal Witt index. There 
is a one-to-one correspondence between the genera of unimodular D-lattices on 
V and the compatible norm groups of 0. 
Using a more technically elaborate definition of compatible norm groups 
it is possible to obtain this theorem for more general spaces. 
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3. CLASSIFICATION OF UNIMODULAR LATTICES 
In this section we need to assume V has maximal Witt index (and, of 
course, still dim(V) > 3). We begin with the following observation: the 
class of u unimodular D-lattice L on V coincides with the proper class. This is 
obvious for odd dimensions. For even dimensions, it follows from the inde- 
finite representation theory of lattices (e.g., Theorem 2 of [5]) that when 
m > 4 every lattice, and hence L, in the genus of L represents a binary 
hyperbolic component isometric to H(D). But, the orthogonal group of 
H(D) clearly admits transformations of determinant - 1. 
Fix a norm group ‘9 of D which is compatible for V. This defines a unique 
genus gen(K) of unimodular D-lattices. Every coset 6G in C/G may be 
represented by an integral ideal a relatively prime to 20. We claim there is a 
class cls(L(a)) in gen(K) such that %(L(a)) = iiG. Put 59 = aD2 + ID(~), 
where m(9) = bO + 20. For even m, set 
L(a) = (axI + a-W -L (Ox, + Q,) I H(T)) I ... I H(D), 
where {xi, yi} are metabolic pairs with Q(x,) = a, Q(xz) = b. When m is 
odd, set 
L(a) = (au, + a--$) 1 H(O) I ... I H(D) 1 X, 
where {ul , uI> is a metabolic pair with Q(u,) = b. One sees that L(a) has 
the desired properties. 
For a unimodular lattice K on V the number of proper spinor genera in the 
genus of K is the group index [JF : P&l according to Section 102 of [8]. 
Here D = 0(0+(V)) = F*. If we denote by H = H(9) the subgroup of C 
isomorphic to P,J$/P,J$ then this index is just [C : H]. By Proposition A 
of [4], H is a subgroup of G, and the factor group G/H is, in principle, 
determinable. While G depends on the given Hasse domain D, H depends 
solely on the compatible norm group 9. By the well-known theorem of 
Eichler and Kneser, the proper spinor genus is the proper class, and hence is 
the class itself by the observation made at the outset of this section. The 
obstruction to classification is measured by the group G/H(Y). We have then 
the following result. 
THEOREM 2. Let L and K be two unimodular lattices on V having maximal 
Witt index and dim(V) > 3, and g(L) = g(K) = 9. Assume the obstruction 
group G/H(9) is trivial. Then, L is isometric to K if and only f%(L) = .!Y(K). 
Remark. When the element 2 is either a unit or a prime element in r) 
then G = H(9) = C2. Of course, whenever G = C? there is always G = 
H(w). If 20 is unramified and G # C2 then G = H(B) if n(<g) = B (e.g., 
when dim(V) is odd). 
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4. A CANCELLATION THEOREM 
In this section 0 is a Hasse domain and all D-lattices are unimodular. 
There is no other general assumption except those specifically cited. There is 
the following cancellation result: 
THEOREM 3. Let K be an D-lattice with orthogonal splittings K = X, 1 
L, = A’, _L L, such that XI s A’, , g(XJ C g(LJ for i = 1, 2, and L, sits 
on a space with dimension greater than or equal to 3 and having maximal 
Wilt index. If the obstruction group G/H(g(K)) is trivial, then L, E L, . 
We now observe that every one of the assumptions in the above theorem is 
necessary by means of counterexamples (in each case by removing just one 
hypothesis). First, removing the maximal Witt index assumption admits 
the counterexample: D =Z, X,=X,=(-1), L1=I,, L2~(<1)IE8. 
For examples with Li having smaller rank one needs to go to number fields. 
Second, suppose the rank of L, is 2, and so FL, is a hyperbolic plane. Take 0 
to be any Hasse domain in which 2 is either a unit or a prime element and 
C2 is not trivial; take X, = X, s H(D), L, s H(D), and L, = (IPu + II-%), 
where {u, v} is a hyperbolic pair and a2 # 8. Third, eliminating the condi- 
tion g(Xi) C g(LJ is negated by the example: 0 = H, X1 = X, E (I), 
L, g n-copies of A(0, 0) with n > 2, and L, s (n - l)-copies of A(0, 0) I 
(1) I (-1). Finally, if the obstruction group G/H(g(K)) does not vanish, 
then from the proof of the classification theorem one can see how to construct 
two inequivalent lattices in the genus of K that have the same Z-invariant. 
We then adjoin X1 = X, suitably to these lattices so that the enlarged 
lattices become isometric. 
REFERENCES 
1! A. FROHLICH, On the K-theory of unimodular forms over rings of algebraic integers, 
Quart. J. Math. Oxford Ser. 2 22 (1971), 401-423. 
2. L. J. GERSTEIN, Unimodular quadratic forms over global function fields, J. Number 
Theor 11 (I979), 5?!9-541. 
3. J. S. B IA, On the Hasse principle for K0 of quadratic forms over commutative rings, 
Quart. J. Math. Oxford Ser. 2 22 (1971), 535-544. 
4. J. S. HSIA, Spinor norms of local integral rotations, I, Pacific J. Math. 57 (197% 
199-206. 
5. J. S. HSIA, Representations by spinor genera, Pacific J. Math. 63 (1976), 
147-152. 
6. M. KNEBUSCH, Grothendieck-und Wittringe von nichtausgearteten symmetrischen 
Bilinearformen, Sitzb. Heidelberg Akademie Win.., Math-natw. Klasse 3 (1969/1970), 
l-69. 
7. M. KNESER, Darstellungsmasse indefiniter quadratischer Formen, Math. 2. 77 (1961), 
188-194. 
UNIMODULAR QUADRATIC FORMS 333 
8. 0. T. O’MEARA, “Introduction to Quadratic Forms,” Grundlehren der Math. Wiss., 
Springer-Verlag, New York/Berlin, 1963. 
9. C. RIEHM, On the integral representations of quadratic forms over local fields, Amer. 
J. Moth. 86 (1964), 25-62. 
